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1. Introduction
In 2008, Kirk and Xu [14] studied existence of ﬁxed points of asymptotic pointwise nonexpansive mappings T : C → C ,
i.e. mappings such that∥∥Tn(x) − Tn(y)∥∥ αn(x)‖x− y‖
where limsupn→∞ αn(x) 1, for all x, y ∈ C . Their main result (Theorem 3.5) states that every asymptotic pointwise non-
expansive self-mapping of a nonempty, closed, bounded and convex subset C of a uniformly convex Banach space X has
a ﬁxed point. The proof of this important theorem is of the existential nature and does not describe any algorithm for
constructing a ﬁxed point of an asymptotic pointwise nonexpansive mapping. This paper aims at ﬁlling this gap.
The above mentioned result of Kirk and Xu is a generalization of the 1972 Geobel–Kirk ﬁxed point theorem [4] for a nar-
rower class of mappings – the class of asymptotic nonexpansive mappings, where – using our notation – every function αn
is a constant function. The latter result was in its own a generalization of the classical Browder–Gohde–Kirk ﬁxed point
theorem for nonexpansive mappings [2,5,13]. In 2009, the results of [14] were extended to the case of metric spaces by
Hussain and Khamsi [8]. In 2010, Khamsi and Kozlowski proved analogous results for the asymptotic pointwise contractions
[11] and nonexpansive mappings acting in modular function spaces [12]. As pointed out by Kirk and Xu in [14], asymp-
totic pointwise mappings seem to be a natural generalization of nonexpansive mappings. The conditions on αn can be for
instance expressed in terms of the derivatives of iterations of T for differentiable T . It is well known that the ﬁxed point
construction iteration processes for generalized nonexpansive mappings have been successfully used to develop eﬃcient and
powerful numerical methods for solving various nonlinear equations and variational problems, often of great importance for
applications in various areas of pure and applied science.
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(see e.g. [15,6]) or the Ishikawa process (see e.g. [9]) to the case of asymptotic (but not pointwise asymptotic) nonexpansive
mappings. There exists an extensive literature on the subject of iterative ﬁxed point construction processes for asymptotically
nonexpansive mappings in Hilbert, Banach and metric spaces, see e.g. [1,21,19,7,22–24,28,29,25,26,3,27,20,17,10,8,16] and
the works referred there. Schu [23] proved the weak convergence of the modiﬁed Mann iteration process to a ﬁxed point of
asymptotic nonexpansive mappings in uniformly convex Banach spaces with the Opial property, and the strong convergence
for compact asymptotic nonexpansive mappings in uniformly convex Banach spaces. Tan and Xu [27] proved the weak
convergence of the modiﬁed Mann and modiﬁed Ishikawa iteration processes for asymptotic nonexpansive mappings in
uniformly convex Banach spaces satisfying the Opial condition or possessing Fréchet differentiable norm.
In this paper, we prove that – under some reasonable assumptions – the generalized Mann and Ishikawa processes
converge weakly to a ﬁxed point of an asymptotic pointwise nonexpansive mapping T : C → C , where C is a bounded,
closed and convex subset of a uniformly convex Banach space X which satisﬁes the Opial condition. To some point we are
able to apply similar techniques to those used for asymptotic nonexpansive mappings. To be able to prove convergence,
we make some boundedness and convergence assumptions being pointwise extensions of the assumptions for the non-
pointwise case [23,27]. The major diﬃculty resides in the fact that we do not assume that T is uniformly Lipschitzian as it
is the case with the asymptotic mappings. Therefore, new notions and techniques are necessary as the methods of [23,27]
depend strongly on the uniform Lipschitzian properties of T . We introduce a notion of well-deﬁned processes where the
construction of the iterative sequence and the convergence properties of functions αn become closely inter-related. The
assumptions that the processes must be well deﬁned leads to a selection of a subsequence Tnk used for the construction
of the approximating sequence, which – in its own turn – forces some quasi-periodic restrictions on the sequence {nk}.
This type of assumption is not uncommon when T is not assumed to be uniformly Lipschitzian; see the work of Bruck,
Kuczumow, and Reich [3] where this technique was used for mappings asymptotic in the intermediate sense. To prove the
weak convergence theorems (Theorem 4.1 for the Mann process, Theorem 5.1 for the Ishikawa process) we have to establish
a version of the Demiclosedness Principle for asymptotic pointwise nonexpansive mappings, Theorem 3.1. The ﬁnal result of
this paper, Theorem 6.1, shows that both generalized Mann and generalized Ishikawa processes converge strongly to a ﬁxed
point of an asymptotic pointwise nonexpansive mapping T provided Tm is a compact mapping for an m ∈ N. In the latter
case, no Opial condition is assumed for the uniformly convex space X .
We would like to emphasize that all convergence theorems proved in this paper deﬁne constructive algorithms that can
be actually implemented. When dealing with speciﬁc applications of these theorems, one should take into consideration how
additional properties of the mappings, sets and norms involved, can inﬂuence the actual implementation of the algorithms
deﬁned in this paper.
2. Preliminaries
The following elementary, easy to prove, lemma will be used in this paper.
Lemma 2.1. (See [3].) Suppose {rk} is a bounded sequence of real numbers and {dk,n} is a doubly-index sequence of real numbers which
satisfy
limsup
k→∞
limsup
n→∞
dk,n  0, and rk+n  rk + dk,n
for each k,n 1. Then {rk} converges to an r ∈ R.
The notion of bounded away sequences of real numbers will be used extensively throughout this paper.
Deﬁnition 2.1. A sequence {tn} ⊂ (0,1) is called bounded away from 0 if there exists 0 < a < 1 such that tn > a for every
n ∈ N. Similarly, {tn} ⊂ (0,1) is called bounded away from 1 if there exists 0< b < 1 such that tn < b for every n ∈ N.
The following property of uniformly convex Banach spaces will play an important role in this paper.
Lemma 2.2. (See [23,30].) Let X be a uniformly convex Banach space. Let {tn} ⊂ (0,1) be bounded away from 0 and 1, and {un},
{vn} ⊂ X be such that
limsup
n→∞
‖un‖ a, limsup
n→∞
‖vn‖ a, lim
n→∞
∥∥tnun + (1− tn)vn∥∥= a.
Then limn→∞ ‖un − vn‖ = 0.
Let us start with a more formal deﬁnition of asymptotic pointwise nonexpansive mappings and associated notational
conventions.
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pointwise nonexpansive mapping if there exists a sequence of mappings αn : C → [0,∞) such that∥∥Tn(x) − Tn(y)∥∥ αn(x)‖x− y‖ for all x, y ∈ C, n ∈ N, (2.1)
limsup
n→∞
αn(x) 1, for all x ∈ C . (2.2)
Denoting an(x) = max(αn(x),1), we note that without loss of generality we can assume that T is asymptotically nonexpan-
sive if ∥∥Tn(x) − Tn(y)∥∥ an(x)‖x− y‖ for all x, y ∈ C, n ∈ N, (2.3)
lim
n→∞an(x) = 1, an(x) 1 for all x ∈ C, and n ∈ N. (2.4)
Deﬁne bn(x) = an(x) − 1. In view of (2.4), we have
lim
n→∞bn(x) = 0. (2.5)
The above notation will be consistently used throughout this paper.
By T (C) we will denote the class of all asymptotic pointwise nonexpansive mappings T : C → C .
By F (T ) we will denote the set of all ﬁxed points of the mapping T .
Similarly as in the case of asymptotic nonexpansive mappings we need to impose some restrictions on the behavior of an
and bn , see e.g. [23,27].
Deﬁnition 2.3. Deﬁne Tr(C) as a class of all T ∈ T (C) such that
∞∑
n=1
bn(x) < ∞ for every x ∈ C, (2.6)
an is a bounded function for every n 1. (2.7)
Note that we do not assume that all functions an are bounded by a common constant. Therefore, we do not assume that
T is uniformly Lipschitzian.
Let us recall the deﬁnition of the Opial property which will play an essential role in this paper.
Deﬁnition 2.4. (See [18].) A Banach space X is said to have the Opial property if for each sequence {xn} ⊂ X weakly
converging to a point x ∈ X (denoted as xn ⇀ x) and for any y ∈ X such that y = x there holds
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖, (2.8)
or equivalently
limsup
n→∞
‖xn − x‖ < limsup
n→∞
‖xn − y‖. (2.9)
3. The Demiclosedness Principle
The following version of the Demiclosedness Principle will be used in the proof of our main convergence theorems. There
exist several versions of the Demiclosedness Principle for the case asymptotic nonexpansive mappings, see e.g. Gornicki [7]
or Xu [29]. Recently, Hussain and Khamsi [8] proved a version of the Demiclosedness Principle for the asymptotic pointwise
nonexpansive mappings in CAT(0) spaces, see also [16]. In their proof, Hussain and Khamsi used the CN inequality for the
CAT(0) spaces. Our proof follows the similar idea using the “parallelogram inequality” valid in the uniformly convex Banach
spaces (Theorem 2 in [28]). For the completeness sake, we provide the proof in the Banach space setting.
Lemma 3.1. Let X be a uniformly convex Banach space X. Let T ∈ Tr(C). If ‖T (xn) − xn‖ → 0 as n → ∞ then for any m ∈ N,
‖Tm(xn) − xn‖ → 0 as n → ∞.
Proof. It follows from (2.7) that there exists a ﬁnite constant M > 0 such that
m−1∑
sup
{
a j(x); x ∈ C
}
 M. (3.1)j=1
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∥∥Tm(xn) − xn∥∥ m−1∑
j=1
∥∥T j+1(xn) − T j(xn)∥∥+ ∥∥T (xn) − xn∥∥

∥∥T (xn) − xn∥∥
(
m−1∑
j=1
a j(xn) + 1
)
 (M + 1)∥∥T (xn) − xn∥∥ (3.2)
that
lim
n→∞
∥∥Tm(xn) − xn∥∥= 0, (3.3)
which completes the proof. 
Theorem 3.1. Let X be a uniformly convex Banach space X with the Opial property. Let T ∈ Tr(C). Let w ∈ X and {xn} ⊂ X be such
that xn ⇀ w, and ‖T (xn) − xn‖ → 0 as n → ∞. Then w ∈ F (T ).
Proof. Deﬁne a type ϕ(x) = limsupn→∞ ‖xn − x‖ for x ∈ C . Let us ﬁx m ∈ N, m > 2 and observe that
∥∥Tm(xn) − x∥∥ m∑
i=1
∥∥T i(xn) − T i−1(xn)∥∥+ ‖xn − x‖

∥∥T (xn) − xn∥∥ m∑
i=1
ai(xn) + ‖xn − x‖.
Since all functions ai are bounded and ‖T (xn) − xn‖ → 0, it follows that
limsup
n→∞
∥∥Tm(xn) − x∥∥ limsup
n→∞
‖xn − x‖ = ϕ(x).
On the other hand, by Lemma 3.1, we have
ϕ(x) limsup
n→∞
∥∥xn − Tm(xn)∥∥+ limsup
n→∞
∥∥Tm(xn) − x∥∥= limsup
n→∞
∥∥Tm(xn) − x∥∥.
Hence,
ϕ(x) = limsup
n→∞
∥∥Tm(xn) − x∥∥. (3.4)
Because T is asymptotic pointwise nonexpansive, it follows that ϕ(Tm(x)) am(x)ϕ(x) for every x ∈ C . Applying this to w
and passing with m → ∞, we obtain
lim
m→∞ϕ
(
Tm(w)
)
 ϕ(w). (3.5)
Since xn ⇀ w , by the Opial property of X we have that for any x = w
ϕ(w) = limsup
n→∞
‖xn − w‖ < limsup
n→∞
‖xn − x‖ = ϕ(x),
which implies that ϕ(w) = inf{ϕ(x; x ∈ C}. This together with (3.5) gives us
lim
m→∞ϕ
(
Tm(w)
)= ϕ(w). (3.6)
By Proposition 3.4 in [14] (see also Theorem 2 in [28]) for each d > 0 there exists a continuous function λ : [0,∞) → [0,∞)
such that λ(t) = 0 ⇔ t = 0, and∥∥αx+ (1− α)y∥∥2  α‖x‖2 + (1− α)‖y‖2 − α(1− α)λ(‖x− y‖), (3.7)
for any α ∈ [0,1] and all x, y ∈ X such that ‖x‖ d and ‖x‖ d. Applying (3.7) to x = xn − w , y = xn − Tm(w) and α = 12
we obtain the following inequality∥∥∥∥xn − 1 (w + Tm(w))
∥∥∥∥
2
 1‖xn − w‖2 + 1
∥∥xn − Tm(w)∥∥2 − 1λ
(
1∥∥Tm(w) − w∥∥).2 2 2 4 2
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ϕ(w)2  1
2
ϕ(w)2 + 1
2
ϕ
(
Tm(w)
)2 − 1
4
λ
(
1
2
∥∥Tm(w) − w∥∥),
which implies
λ
(
1
2
∥∥Tm(w) − w∥∥) 2ϕ(Tm(w))2 − 2ϕ(w)2.
Letting m → ∞ and applying (3.6) we conclude that
lim
m→∞λ
(
1
2
∥∥Tm(w) − w∥∥)= 0.
By the properties of λ, we have ‖Tm(w) − w‖ → 0. Hence, by the continuity of T , we get T (w) = w as claimed. 
4. Weak convergence of generalized Mann iteration process
Let us start with the deﬁnition of the generalized Mann iteration process.
Deﬁnition 4.1. Let T ∈ Tr(C) and let {nk} be an increasing sequence of natural numbers. Let {tk} ⊂ (0,1) be bounded away
from 0 and 1. The generalized Mann iteration process generated by the mapping T , the sequence {tk}, and the sequence
{nk}, denoted by gM(T , {tk}, {nk}) is deﬁned by the following iterative formula:
xk+1 = tkT nk (xk) + (1− tk)xk, where x1 ∈ C is chosen arbitrarily. (4.1)
Deﬁnition 4.2. We say that a generalized Mann iteration process gM(T , {tk}, {nk}) is well deﬁned if
limsup
k→∞
ank (xk) = 1. (4.2)
Remark 4.1. Observe that by the deﬁnition of asymptotic pointwise nonexpansiveness, limk→∞ ak(x) = 1 for every x ∈ C .
Hence we can always select a subsequence {ank } such that (4.2) holds. In other words, by a suitable choice of {nk} we can
always make gM(T , {tk}, {nk}) well deﬁned.
We will prove a series of lemmas necessary for the proof of the generalized Mann process convergence theorem.
Lemma 4.1. Let C be a bounded, closed and convex subset of a uniformly convex Banach space X. Let T ∈ Tr(C) and let {nk} ⊂ N. Let
{tk} ⊂ (0,1) be bounded away from 0 and 1. Let w ∈ F (T ) and gM(T , {tk}, {nk}) be a generalized Mann process. Then there exists an
r ∈ R such that limk→∞ ‖xk − w‖ = r.
Proof. Let w ∈ F (T ). Since
‖xk+1 − w‖ tk
∥∥Tnk (xk) − w∥∥+ (1− tk)‖xk − w‖
 tk
∥∥Tnk (xk) − Tnk (w)∥∥+ (1− tk)‖xk − w‖
 tk
(
1+ bnk (w)
)‖xk − w‖ + (1− tk)‖xk − w‖
 tkbnk (w)‖xk − w‖ + ‖xk − w‖
 bnk (w)diam(C) + ‖xk − w‖,
it follows that for every n ∈ N,
‖xk+n − w‖ ‖xk − w‖ + diam(C)
k+n−1∑
i=k
bni (w). (4.3)
Denote rp = ‖xp − w‖ for every p ∈ N and dk,n = diam(C)∑k+n−1i=k bni (w). Observe that since T ∈ Tr(C), it follows that
limsupk→∞ limsupn→∞ dk,n = 0. By Lemma 2.1 then, there exists an r ∈ R such that limk→∞ ‖xk − w‖ = r. 
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bounded away from 0 and 1. Let {nk} ⊂ N and gM(T , {tk}, {nk}) be a generalized Mann iteration process. Then
lim
k→∞
∥∥Tnk (xk) − xk∥∥= 0 (4.4)
and
lim
k→∞
‖xk+1 − xk‖ = 0. (4.5)
Proof. By Theorem 3.5 in [14], F (T ) = ∅. Let us ﬁx w ∈ F (T ). By Lemma 4.1 there exists an r ∈ R such that limk→∞ ‖xk −
w‖ = r. Observe that
limsup
k→∞
∥∥Tnk (xk) − w∥∥= limsup
k→∞
∥∥Tnk (xk) − Tnk w∥∥
 limsup
k→∞
ank (w)‖xk − w‖ r,
and that
lim
k→∞
∥∥tk(Tnk (xk) − w)+ (1− tk)(xk − w)∥∥= lim
k→∞
‖xk+1 − w‖ = r.
By Lemma 2.2 applied to uk = xk − w , vk = Tnk (xk) − w ,
lim
k→∞
∥∥Tnk (xk) − xk∥∥= 0, (4.6)
which by the construction of the sequence {xk} is equivalent to
lim
k→∞
‖xk+1 − xk‖ = 0.  (4.7)
In the next lemma, we prove that under suitable assumption the sequence {xk} becomes an approximate ﬁxed point
sequence, which will provide an important step in the proof of the generalized Mann iteration process convergence. First,
we need to recall the following notions.
Deﬁnition 4.3. A strictly increasing sequence {ni} ⊂ N is called quasi-periodic if the sequence {ni+1 − ni} is bounded, or
equivalently if there exists a number p ∈ N such that any block of p consecutive natural numbers must contain a term of
the sequence {ni}. The smallest of such numbers p will be called a quasi-period of {ni}.
Lemma 4.3. Let C be a bounded, closed and convex subset of a uniformly convex Banach space X. Let T ∈ Tr(C). Let {tk} ⊂ (0,1) be
bounded away from 0 and 1. Let {nk} ⊂ N be such that the generalized Mann process gM(T , {tk}, {nk}) is well deﬁned. If, in addition,
the set of indices J = { j; n j+1 = 1+ n j} is quasi-periodic, then {xk} is an approximate ﬁxed point sequence, i.e.,
lim
k→∞
∥∥T (xk) − xk∥∥= 0. (4.8)
Proof. Let p ∈ N be a quasi-period of J . Observe that it is enough to prove that ‖T (xk j ) − xk j‖ → 0 as j → ∞ through J .
Indeed, let ε > 0. From ‖T (xk j ) − xk j‖ → 0 as j → ∞ through J it follows that∥∥T (xk j ) − xk j∥∥< ε3 (4.9)
for suﬃciently large j. By the quasi-periodicity of J , to every positive integer k there exists jk ∈ J such that |k − jk| p.
Assume that k − p  jk  k (the proof for the other case is identical). Fix ε > 0. Since T is M-Lipschitzian where M =
sup{a1(x); x ∈ C}, there exists a 0< δ < ε3 such that∥∥T (x) − T (y)∥∥< ε
3
if ‖x− y‖ < δ. (4.10)
Note that by (4.7), ‖xk+1 − xk‖ < δp for k suﬃciently large. This implies that
‖xk − x jk‖ ‖xk − xk−1‖ + · · · + ‖x jk+1 − x jk‖ p
δ
p
= δ, (4.11)
and therefore∥∥xk − T (xk)∥∥ ‖xk − x jk‖ + ∥∥x jk − T (x jk )∥∥+ ∥∥T (x jk ) − T (xk)∥∥ δ + ε + ε < ε. (4.12)3 3
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 ‖xk − xk+1‖ +
∥∥xk+1 − Tnk+1(xk+1)∥∥+ ank+1(xk+1)‖xk − xk+1‖ + M∥∥Tnk (xk) − xk∥∥ (4.13)
which tends to zero in view of (4.6), (4.7) and (4.2). 
The next theorem is the main result of this section.
Theorem 4.1. Let X be a uniformly convex Banach space X with the Opial property. Let C be a bounded, closed and convex subset of X .
Let T ∈ Tr(C). Let {tk} ⊂ (0,1) be bounded away from 0 and 1. Let {nk} be such that the generalized Mann process gM(T , {tk}, {nk})
is well deﬁned. If, in addition, the set J = { j; n j+1 = 1+n j} is quasi-periodic, then the sequence {xk} generated by gM(T , {tk}, {nk})
converges weakly to a ﬁxed point of T .
Proof. By Lemma 4.3, {xk} is an approximate ﬁxed point sequence, that is
lim
k→∞
∥∥T (xk) − xk∥∥= 0. (4.14)
Consider y, z ∈ C , two weak cluster points of the sequence {xk}. Then there exist two subsequences {yk} and {zk} of {xk}
such that yk ⇀ y and zk ⇀ z. Since (4.14) is satisﬁed we can use the Demiclosedness Principle (Theorem 3.1). Therefore,
T (y) = y and T (z) = z. By Lemma 4.1 the following limits exist
r1 = lim
k→∞
‖xk − y‖, r2 = lim
k→∞
‖xk − z‖. (4.15)
We claim that y = z. Indeed, assume to the contrary that y = z. By the Opial property we have
r1 = lim inf
k→∞
‖yk − y‖ < lim inf
k→∞
‖yk − z‖ = r2
= lim inf
k→∞
‖zk − z‖ < lim inf
k→∞
‖zk − y‖ = r1. (4.16)
The contradiction implies y = z which means that the sequence {xk} has at most one weak cluster point. Since C is weakly
sequentially compact, we deduce that the sequence {xk} has exactly one weak cluster point w ∈ C , that is xk ⇀ w . Applying
the Demiclosedness Principle again, we get T (w) = w , as claimed. 
5. Weak convergence of generalized Ishikawa iteration process
The two-step Ishikawa iteration process is a generalization of the one-step Mann process. The Ishikawa iteration pro-
cess provides more ﬂexibility in deﬁning the algorithm parameters which is important from the numerical implementation
perspective.
Deﬁnition 5.1. Let T ∈ Tr(C) and let {nk} be an increasing sequence of natural numbers. Let {tk} ⊂ (0,1) be bounded away
from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. The generalized Ishikawa iteration process generated by the
mapping T , the sequences {tk} and {sk}, and the sequence {nk}, denoted by g I(T , {tk}, {sk}, {nk}) is deﬁned by the following
iterative formula:
xk+1 = tkT nk
(
skT
nk (xk) + (1− sk)xk
)+ (1− tk)xk, where x1 ∈ C is chosen arbitrarily. (5.1)
Deﬁnition 5.2. We say that a generalized Ishikawa iteration process g I(T , {tk}, {sk}, {nk}) is well deﬁned if
limsup
k→∞
ank (xk) = 1. (5.2)
Remark 5.1. Observe that, by the deﬁnition of asymptotic pointwise nonexpansiveness, limk→∞ ak(x) = 1 for every x ∈ C .
Hence we can always select a subsequence {ank } such that (5.2) holds. In other words, by a suitable choice of {nk} we can
always make g I(T , {tk}, {sk}, {nk}) well deﬁned.
Lemma 5.1. Let C be a bounded, closed and convex subset of a uniformly convex Banach space X. Let T ∈ Tr(C) and let {nk} ⊂ N. Let
{tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. Let w ∈ F (T ) and gI(T , {tk}, {sk}, {nk}) be a
generalized Ishikawa process. Then there exists an r ∈ R such that limk→∞ ‖xk − w‖ = r.
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Tk(x) = tkT nk
(
skT
nk (x) + (1− sn)x
)+ (1− tn)x, x ∈ C . (5.3)
It is easy to see that xk+1 = Tk(xk) and that F (T ) ⊂ F (Tk). Moreover, a straight calculation shows that each Tk satisﬁes∥∥Tk(x) − Tk(y)∥∥ Ak(x)‖x− y‖, (5.4)
where
Ak(x) = 1+ tkank (x)
(
1+ skank (x) − sk
)− tk. (5.5)
Note that Ak(x) 1 which follows directly from the fact that ank (x) 1 and from (5.5). Using (5.5) we have
Bk(x) = Ak(x) − 1 = tk
(
1+ skank (x)
)(
ank (x) − 1
)

(
1+ ank (x)
)
bnk (x). (5.6)
Fix any M > 1. Since limk→∞ ank (w) = 1, it follows that there exists a k0  1 such that for k > k0, ank (w)  M . Therefore,
using the same argument as in the proof of Lemma 4.1, we deduce that for k > k0 and n > 1
‖xk+n − w‖ ‖xk − w‖ + diam(C)
k+n−1∑
i=k
Bni (w)
 ‖xk − w‖ + diam(C)(1+ M)
k+n−1∑
i=k
bni (w). (5.7)
Arguing like in the proof of Lemma 4.1, we conclude that there exists an r ∈ R such that limk→∞ ‖xk − w‖ = r. 
Lemma 5.2. Let C be a bounded, closed and convex subset of a uniformly convex Banach space X. Let T ∈ Tr(C) and let {nk} ⊂ N. Let
{tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. Let g I(T , {tk}, {sk}, {nk}) be a generalized
Ishikawa process. Deﬁne
yk = skT nk (xk) + (1− sk)xk. (5.8)
Then
lim
k→∞
∥∥Tnk (yk) − xk∥∥= 0, (5.9)
or equivalently
lim
k→∞
‖xk+1 − xk‖ = 0. (5.10)
Proof. By Theorem 3.5 in [14], F (T ) = ∅. Let us ﬁx w ∈ F (T ). By Lemma 5.1, limk→∞ ‖xk − w‖ exists. Let us denote it by r.
Since w ∈ F (T ), T ∈ Tr(C), and limk→∞ ‖xk − w‖ = r by Lemma 5.1 we have the following
limsup
k→∞
∥∥Tnk (yk) − w∥∥= limsup
k→∞
∥∥Tnk (yk) − Tnk (w)∥∥
 limsup
k→∞
ank (w)‖yk − w‖ = limsup
k→∞
ank (w)
∥∥skT nk (xk) + (1− sk)xk − w∥∥
 limsup
k→∞
(
skank (w)
∥∥Tnk (xk) − w∥∥+ (1− sk)ank (w)‖xk − w‖)
 lim
k→∞
(
ska
2
nk
(w)‖xk − w‖ + (1− sk)ank (w)‖xk − w‖
)
 r. (5.11)
Note that
lim
k→∞
∥∥tk(Tnk (yk) − w)+ (1− tk)(xk − w)∥∥
= lim
k→∞
∥∥tkT nk (yk) + (1− tk)xk − w∥∥= lim
k→∞
‖xk+1 − w‖ = r. (5.12)
Applying Lemma 2.2 with uk = Tnk (yk) − w and vk = xk − w , we obtain the desired equality limk→∞ ‖Tnk (yk) − xk‖ = 0,
while (5.10) follows from (5.9) via the construction formulas for xk+1 and yk . 
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{tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. Let g I(T , {tk}, {sk}, {nk}) be a well-deﬁned
generalized Ishikawa process. Then
lim
k→∞
∥∥Tnk (xk) − xk∥∥= 0. (5.13)
Proof. Let yk = skT nk (xk) + (1− sk)xk . Since∥∥Tnk (xk) − xk∥∥ ∥∥Tnk (xk) − Tnk (yk)∥∥+ ∥∥Tnk (yk) − xk∥∥
 ank (xk)‖xk − yk‖ +
∥∥Tnk (yk) − xk∥∥
= skank (xk)
∥∥Tnk (xk) − xk∥∥+ ∥∥Tnk (yk) − xk∥∥, (5.14)
it follows that∥∥Tnk (xk) − xk∥∥ (1− skank (xk))−1∥∥Tnk (yk) − xk∥∥. (5.15)
The right-hand side of this inequality tends to zero because ‖Tnk (yk) − xk‖ → 0 by Lemma 5.2, limsupk→∞ ank (xk) = 1 by
the fact that the Ishikawa process is well deﬁned, and {sk} ⊂ (0,1) is bounded away from 1. 
Lemma 5.4. Let C be a bounded, closed and convex subset of a uniformly convex Banach space X. Let T ∈ Tr(C) and let {nk} ⊂ N. Let
{tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. Let g I(T , {tk}, {sk}, {nk}) be a well-deﬁned
generalized Ishikawa process. If, in addition, the set J = { j; n j+1 = 1+ n j} is quasi-periodic, then {xk} is an approximate ﬁxed point
sequence, i.e.,
lim
k→∞
∥∥T (xk) − xk∥∥= 0. (5.16)
Proof. The proof is analogous to that of Lemma 4.3 with (5.10) used instead of (4.7) and (5.13) replacing (4.6). 
Theorem 5.1. Let X be a uniformly convex Banach space X with the Opial property. Let C be a bounded, closed and convex subset of X .
Let T ∈ Tr(C). Let {tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded away from 1. Let {nk} be such that the
generalized Ishikawa process g I(T , {tk}, {sk}, {nk}) is well deﬁned. If, in addition, the set J = { j; n j+1 = 1 + n j} is quasi-periodic,
then {xk} generated by g I(T , {tk}, {sk}, {nk}) converges weakly to a ﬁxed point of T .
Proof. The proof is analogous to that of Theorem 4.1 with Lemma 4.3 replaced by Lemma 5.4, and Lemma 4.1 replaced by
Lemma 5.1. 
6. Strong convergence
It is interesting that, provided Tm is a compact mapping, both generalized Mann and Ishikawa processes converge
strongly to a ﬁxed point of T even without assuming the Opial property. The following results generalize Theorem 2.2
of [23] to the case of asymptotic pointwise nonexpansive mappings.
Theorem 6.1. Let X be a uniformly convex Banach space X. Let C be a bounded, closed and convex subset of X . Let T ∈ Tr(C). Assume
that Tm is a compact mapping for some m  1. Let {tk} ⊂ (0,1) be bounded away from 0 and 1, and {sk} ⊂ (0,1) be bounded
away from 1. Let {nk} be such that the generalized Mann process gM(T , {tk}, {nk}) (resp. Ishikawa process g I(T , {tk}, {sk}, {nk}))
is well deﬁned. If, in addition, the set J = { j; n j+1 = 1 + n j} is quasi-periodic, then {xk} generated by gM(T , {tk}, {nk}) (resp.
g I(T , {tk}, {sk}, {nk})) converges strongly to a ﬁxed point of T .
Proof. Observe that by Lemma 4.3 (resp. Lemma 5.4),
lim
k→∞
∥∥T (xk) − xk∥∥= 0. (6.1)
By Lemma 3.1,
lim
k→∞
∥∥Tm(xk) − xk∥∥= 0. (6.2)
Because of compactness of Tm we can select a subsequence {xpk } of {xk} such that
lim
∥∥Tm(xpk ) − x∥∥= 0 (6.3)k→∞
52 W.M. Kozlowski / J. Math. Anal. Appl. 377 (2011) 43–52for an x ∈ C . Since
‖xpk − x‖
∥∥xpk − Tm(xpk )∥∥+ ∥∥Tm(xpk ) − x∥∥, (6.4)
it follows by (6.2) and (6.3) that
lim
k→∞
‖xpk − x‖ = 0. (6.5)
It follows from∥∥T (x) − x∥∥ ∥∥T (x) − Tm(xpk )∥∥+ ∥∥Tm(xpk ) − xpk∥∥+ ‖xpk − x‖
 a1(x)‖x− xpk‖ +
∥∥Tm(xpk ) − xpk∥∥+ ‖xpk − x‖ (6.6)
and from (6.5) and (6.2) that x ∈ F (T ). Applying Lemma 4.1 (resp. Lemma 5.1) we conclude that limk→∞ ‖xk − x‖ exists. In
view of (6.5), limk→∞ ‖xk − x‖ = 0 as claimed. 
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